The purpose of this paper is to examine the theoretical relationship between the multidimensionality of risk and dividend policy, in an intertemporal context. After assuming that dividends are generated by a multifactor process, we use the fundamental framework of the consumption capital asset pricing model to explore the effect of longrun risk on dividend payout ratios (dividends divided by earnings). Our approach is similar to any multifactor model that, given the N factor process, derives useful equilibrium conditions. Our main result shows that the dividend payout ratio is negatively related to N sensitive coefficients, given by the long-run covariance between dividends and economic factors. This suggests that the multidimensionality of long-run consumption risk influences dividend policy. In brief, the model proposes that the target payout ratio can be determined with a simple and easy-to-apply formula that takes into account the long-run sensitivity of dividends to various economic factors. . Professor Sedzro has a broad range of research interests encompassing such areas as governance and performance evaluation of financial and microcredit institutions, corporate finance, optimal portfolio allocation, alternative investments including hedge funds, real estate and commodity derivatives, and the application of operational research methods in finance. He has published numerous articles and given presentations at various international conferences on these topics.
Introduction
According to Ferson, Nallareddy and Xie (2013) , the long-run risk model following Bansal and Yaron (2004) has been a phenomenal success. They argue that an important expending literature finds the model useful for the equity premium puzzle, size and book-to-market effects, momentum, risk premiums in bond markets, real exchange rate movements, and more. 1 In fact, Bansal and Yaron maintain that consumption and dividend growth rates include a small long-run component that, in conjunction with Epstein and Zin's (1989) preferences, explains key asset market phenomena, and resolves the equity premium puzzle. Moreover, Bansal et al. (2005) show that cash flow betas, a measure of risk calculated by the long-run covariance between dividends and consumption, account for more than 60% of the cross-sectional variation in risk premia. Additionally, Hansen et al. (2008) reveal that growth-rate variations in consumption and cash flows have important consequences for asset valuation. For example, they indicate how valuation based measures of the duration of cash flows are linked to the long-run riskiness of the cash flows, and show that the cash flow growth of value portfolios has a positive correlation with consumption, over the long-run. In addition, Bansal et al. (2009) argue that the cointegrating relation between dividends and consumption is a key determinant of risk premia at all investment horizons. Likewise, Bansal and Kiku (2011) claim that the long-run equilibrium relation measured via a stochastic cointegration between aggregate consumption and dividends has significant implications for dividend growth rates and returns dynamics. Further, Author's Final Version Bansal and Shaliastovich (2013) propose that inflation influences asset returns because inflation is exposed to the same real shocks that drive consumption and longrun risk. Furthermore, Bergeron (2013) develops a theoretical stock valuation model that considers the long-run sensitivity of dividends to various economic factors. In particular, the model reveals that a stock's long-run dividend growth is negatively related to its current dividend-price ratio and is linearly related to N sensitivity coefficients, given by the long-run covariance between dividends and economic factors.
This paper extends the above mentioned studies by using the long-run concept of risk, as well as the multidimensionality of dividend sensitivity, to characterize the target dividend payout ratio of a firm.
As mentioned by DeFusco, Dunham and Geppert (2014) , the question of whether dividend policy impacts firm value remains an important and highly debated question in finance. In their famous, and controversial paper, Miller and Modigliani (1961) demonstrated that under certain conditions the dividend policy followed by a firm does not affect is value. In a world without taxes, transaction costs, or other market imperfections, Miller and Modigliani proposed that there is no optimal dividend policy. However, in a world with market imperfections the possibility arises that dividends may affect value, and information asymmetries (between managers and investors) or agency costs are frequently proposed as possible explanations for optimal dividend policy. For instance, Battacharya (1979) suggests that the signalling benefits from paying dividends may be traded off against the tax disadvantages in order to achieve optimal payout policy. On the order hand, Rozeff (1982) suggests that cross-sectional regularities in corporate dividend policy may be explained by a trade-off between the costs of external capital and the benefit of reduced agency costs when the firm increases its dividend payments. In line with this view, Jensen (1986) argues that the main benefit of dividends is to give shareholders the means to reduce the free cash flows available for unproductive spending.
The literature also provides interesting observations on the link between dividends and risk. For example, several empirical observations have shown that the dividend payout ratio is lower for high-risk stocks.
2 In the same manner, several studies report a negative relationship between the dividend yield and different measures of risk.
3 Additionally, Jagannathan et al. (2000) find that firms that only pay dividends show lower earnings volatility than firms that only repurchase. Further, stress that firms that pay dividends have a lower variability of return on assets than firms that do not pay dividends. also confirms the notion that firms that increase dividends do so when they become more mature and less risky. Likewise, Brav et al. (2005) find that nearly 40% of managers believe that dividends make stocks less risky. Moreover, Carter (2008) develops a mathematical model that characterises the negative relationship between Author's Final Version dividends and systematic risk. Furthermore, the empirical findings of Hussainey et al. (2011) suggest that, in the UK, there is a significant negative relationship between the payout ratio of a firm and the volatility of its stock price. In addition, Bergeron (2012) demonstrates that dividends are negatively related to the covariance between dividends and consumption. More recently, Rahgozar (2015) shows that dividendspaying stock prices are less volatile than non-dividends-paying stocks.
Nevertheless, none of these above-mentioned works examine the theoretical relationship between dividend policy and the multiple dimensions of long-run risk.
The purpose of this paper is to develop a theoritical model on the relationship between the target dividend payout ratio of a firm and the long-run sensitivity of dividends to various economic factors.
The development of the model implies the following steps. First, we suppose that stock dividend growth rates are generated by a number of economic factors (the dividend multifactor process). Second, we use the intertemporal framework of the consumption capital asset pricing model (CCAPM) of Rubinstein (1976) , Lucas (1978) and Breeden (1979) to characterize the hypothetical economy. Third, we isolate the equilibrium expected dividend growth rate of a stock, and integrate the corresponding earnings into the relation. Fourth, we derive equilibrium relationships for one period and one factor, then for one period and several factors, and thereafter for many periods and several factors.
In this manner, we can show that the dividend payout ratio of a firm is negatively related to N sensitivity coefficients, given by the long-run covariance between dividends and economic factors. This relation implies that the dividend payout ratio is nearly 100% when all sensitive coefficients approach zero; is identical to the aggregate payout ratio if the market dividend growth is the only factor and if the sensitive coefficient have a unit measure of sensitivity; and tends to zero when coefficients tends to infinity.
If we suppose that aggregate consumption represents the only factor that generates dividends, then it is easy to see that the only sensitive parameter is given by the long-run covariance between dividends and aggregate consumption. Thus, for this simple particular case, the sensitive coefficient is consistent with the definition of long-run risk (mentioned earlier).
The remainder paper is organized as follow. Section 2 describes the dividend multifactor process. Section 3 presents the intertemporal equilibrium framework. Section 4 derives the equilibrium relationships between dividend payout ratios and risks. Section 5 concludes.
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The dividend multifactor process
Following Bergeron (2013, p. 185) , the primary assumption of our multifactor model is that stock dividend growth rates are generated by several economic factors. Given the available information in time t, we suppose that the dividend growth rate of stock i, between time t and time t+1,
g , is a linear function of N factors.
More precisely, we assume that the dividend multifactor process can be written as follows:
with
where it a is the growth rate intercept for stock i at time t;
F , is the factor j at time t+1; jit b , is the dividend growth rate sensitivity to factor j for stock i at time t; and 1 ,  t i  is the usual random term associated to Equation (1A) for stock i at time t+1 (j = 1, 2, 3, …, N; i = 1, 2, 3, …, M; t = 0, 1, 2, …, ∞).
Notice that the second line of Equation (1A) simply assumes that the expected value of the usual random term is zero, as the covariance between this random term and any other variables.
To simplify the notation, we use the matrix algebra and rewrote the dividend multifactor process in this compact form: As noted by Bergeron, the process expressed by Equation (1) represents an approximation of the reality and the factors that we should integrate into the model are not determined by any economic theory, just as the standard multifactor model for returns. However, the rate of inflation, market dividend growth, industrial production growth and aggregate consumption growth were proposed as potential factors. In addition, as mentioned by the author, the usual linearity assumption adopted to express the multifactor process is not as restrictive as it might first appear. In fact, it Author's Final Version is well known that a nonlinear model can be rewritten in a linear form (using the logarithm of a variable, for example).
The intertemporal equilibrium framework
Following Bergeron (2013, p. 187) , the intertemporal equilibrium framework of our model considers a hypothetical economy, in which the representative investor maximizes the time-separable utility function:
where  is the time discount factor (
is an increasing concave and derivable function, and
is the aggregate consumption at time s t
The result of this problem leads us to the fundamental value of a long-live stock.
5
That is to say:
where it P represents the price of stock i at time t, and
6 Equation (3) shows that the price of a stock corresponds to the present value of all future cash flows (dividends), where the stochastic discount factor is equivalent to the intertemporal marginal rate of substitution between t and s t  (
. Using this notation, the equilibrium price of a stock becomes:
Since the dividend of stock i at time t, it D , is known with the current information, we can write:
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If the variable it
Ỹ is independent and identically distributed (i.i.d.), then we can simplify the relationship in this way (see, also, Bergeron, 2013) :
where
. Given the available information at time t, we can see that:
Recursively, Equation (4) can be expressed for one period (between t and t+1), in the following manner:
Substituting Equation (6) and Equation (7) in Equation (8) shows that:
After simple manipulations (nothing that 1 /
) we can write:
Taking the expectation on each side of Equation (10A) allows us to release the index t of the conditional operator, to shows:
on each side of Equation (10B), indicates that:
Integrating the last element into the expectation operator and simplifying, gives:
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The definition of covariance implies that:
and covariance properties show that:
Therefore, in equilibrium, the expected divided growth of any stock satisfied:
To facilitate the estimation of Equation (15), we refer, like Bansal and Kiku (2011) , to the standard assumption of a constant relative risk aversion via the power utility function:
, where  (  > 0) is the coefficient of relative risk aversion. With this assumption, the marginal rate of substitution between t and 1  t becomes:
~ t g represents the consumption growth rate between time t and t+1
).
In the same way, Equation (15) becomes:
In addition, to simplify equation (16) 
or, to simplified the notation:
Equation (17) represents a basic equilibrium condition expressed with dividends. In the following section, we will combine the dividend multifactor process proposed in section 2 to this equilibrium condition.
Payout ratios, factors and risks
This section demonstrates that the dividend policy followed by firms depends on the multiple dimensions of long-run risks. We begin by isolating the covariance term. We then integrate the expected earnings to express dividend policies with payout ratios. Afterward, we derive equilibrium conditions for one period and one factor, then for one period and several factors, and thereafter for many periods and several factors.
One period and one factor
Isolating the covariance term, yields:
From the definition of covariance, we have:
or, after simple manipulations:
Multiplying by it D on each side of Equation (20), gives, after simple manipulations:
Dividing each side by the expected dividends of the stock, allows us to write:
To express the dividend policy with earnings (dividends on earnings), we suppose, as Bakshi and Chen (2005) or Dong and Hirshleifer (2005) , that dividends are related to net earnings according to:
with is the random term associated to Equation (22) for stock i at time t+1. From the last assumption, we can see that:
Integrating Equation (24) into the dominator of Equation (23), on each side, allows us to write:
Equation (25) also indicates that:
to both sides of Equation (26), gives:
or, to simplify the notation: 
Using the basic proprieties of mathematical expectation and rearranging, yields:
No correlation with consumption
If there is a security (or a portfolio) whose dividends are uncorrelated with aggregate consumption, then we can also write that:
where the index u denotes the security which is uncorrelated (in dividends) with consumption. Thus, Equation (29) minus Equation (30) shows that:
The definition of mathematical covariance indicates that:
Rearranging, also indicates that:
From Equation (29), we can rewrite Equation (33) in this form:
or, using the basic proprieties of covariance:
Integrating Equation (28) in Equation (35) indicates that:
Using this compact notation
, Equation (36A) becomes:
Integrating the definition of covariance allows us to write:
or, if we prefer:
Developing, we can see that:
Rearranging, again, and isolating the covariance term, yields:
Multiplying each side by the expected earnings of the stock, ] [
, gives:
, yields:
or, after manipulations:
with,
Equation (44) represents an equilibrium condition for one period and one factor. It shows that the ratio of earnings to dividends (sometimes called the dividend cover ratio) is positively and linearly related to the covariance between aggregate consumption and asset's dividends.
Market portfolio
For the market portfolio, denoted by the index m, we can also write that:
In this manner, Equation (44) and Equation (45) show that:
If we postulate that the covariance between aggregate dividends and aggregate consumption is positive (for the canonical CCAPM, aggregate consumption equals aggregate dividends), and if we postulate that expected market earnings is naturally superior to the expected market dividends (see Table 1 in Foerster and Sapp, 2011) , then we can see that the relationship expressed by Equation (46) is effectively positive. When the covariance between consumption and asset's dividends equals zero, the earnings-dividends ratio corresponds to one. When the covariance is superior to zero, the earnings-dividends ratio is superior to one. When it is the market portfolio, it's earnings-dividends ratio is, according to equation (46)
. When the covariance tends to infinity, the earnings-dividends ratio also tends to infinity.
One period and N factors
Using the previous variable definitions or notations, and the previous assumptions regarding the dividend multifactor process, we can also suppose that:
 is the dividend growth intercept for stock i at time t; and jit  , is the dividend growth sensitivity to factor j for stock i at time t. Note that if the covariance between
is zero, then the corresponding covariance between 1 ,  t i G and the same factor is also zero.
In addition, as previously seen in section 2, we can simplify the notation, and the algebraic manipulations, using the compact matrix algebra. That is to say:
Integrating Equation (47B) in Equation (46), permits us to extend toward a multidimensional expression, as it shows below:
Using covariance proprieties, Equation (48) can be arranged as a clear multilinear function. That is:
, for every j = 1, 2, …, N.
Equation (49) now represents an equilibrium condition, when dividends are generated by N factors, on a single period. It shows that the earnings-dividends ratio of a firm is linearly related to N sensitivity coefficients, given by the sensitivity of dividends to economic factors.
More insight can be gained into the meaning of  1t,  2t, …, and  Nt by using Equation (49). Examine a portfolio with a β1it of one (β1it = 1) and a value of zero for every other sensitivity coefficients (β2it = β3it = … = βNit = 0). In this case, we can see that  1t corresponds to:
where the index "1" indicates that it is a portfolio only subject to the variability of factor 1, and having a unit measure of sensitivity.
In general, we thus can write that all stocks have earnings-dividends ratios described by the N-dimensional hyperplane expressed by Equation (49) with:
where the index "j" indicates that it is a portfolio only subject to the variability of factor j, and having a unit measure of sensitivity.
Many periods and N factors
For many periods, summing from t = 0 to T-1 shows that: 
From the stationary assumption expressed by equation (23) , for every j = 1, 2, …, N.
Thus, dividing by T on both sides of Equation (53) indicates that: (54) finally shows that;
can be interpreted as the target dividend payout ratio for stock i (over the long-run). Equation (55) represents our principal result. It reveals that the target dividend payout ratio of a firm is negatively related to N sensitivity coefficients, given by the long-run sensitivity of dividends to economic factors. If all the sensitive coefficients equal zero, then all earnings are distributed. If all the sensitive coefficients tend to infinity, then all earnings are reinvested. In the center of these two extremes, we can find the optimal dividend policy of the firm.
9 It is also interesting to note that the development presented up this point is similar to any multifactor model that, given the N factor process, derives an useful equilibrium condition (see, for example, Merton, 1973;  or The Arbitrage Pricing Theory, APT, of Ross, 1976) . Notice that this result can be easily extending using the asset's earning growth (see appendix A).
Particular case: A two dimension visual example
The following argument leads us to expect a negative relationship between dividends and risk: if firms are risk averse and cautious, then those operating in a high level of uncertainty will pay lower dividends to have enough retained earnings for bad
where the index "C" indicates that it is a portfolio (or a stock) only subject to the variability of aggregate consumption growth, and having a unit measure of sensitivity. We can call the coefficient
Ci


The long-run dividend-consumption beta of stock i, or more simply, The long-run beta of stock i.
For this particular case, therefore, the dividend payout ratio of a stock appears to be negatively related to the long-run covariance between dividends and consumption (as demonstrated by Equation 44). For instance, assuming we need to Author's Final Version estimate the target dividend payout ratio for a risky firm that presents a long-run dividend beta of 1.50 ( Ci  = 1.5). From Table 1 If the long-run beta is equal to one, then the payout would be equal to 45%. If the long-run beta would be superior (inferior) to one, then the payout ratio would be inferior (superior) to 45%. If the long-run beta is equal to zero, then the payout would be equal to 100%. For this numerical example, thus, the relationship could be illustrated by a curve that approaches the horizontal axis asymptotically, as shown in figure 1.
[ INSERT FIGURE 1 HERE] In brief, if we accept that the long-run covariance between dividends and consumption represents a measure of risk (as many authors propose 12 ) , and if we accept that dividends and risk are negatively related (as several studies suggest 13 ), then the negative dividend-risk relationship could be illustrated, in a two dimensional case, by equation (58) and figure 1.
On the other hand, if we believe that dividends are generated by more than one factor, then the dividend-risk relationship should be descripted by the multifactor model expressed by equation (55), of the previous section.
5
Conclusion There are many empirical studies on dividend-risk relationships. The contribution of this paper is essentially theoretical.
In this paper, we examined the relationship between the multidimensionality of long-run risks and dividends. After assuming that dividends are generated by a multifactor process, we demonstrated that the payout ratio of a firm is negatively related to N sensitivity coefficients, given by the long-run covariance between dividends and economic factors. Overall, our extension development suggests that the multidimensionality of long-run risk should be considered in choosing the level of Author's Final Version dividend payments. In this sense, it leads to practical applications that may be useful in managerial finance, especially for decisions regarding dividend policy.
Our methodological approach was based on a very solid framework, namely the intertemporal CCAPM.
14 However, we used several restrictive assumptions concerning the utility function (the time-separable utility assumption, for example). It could be suitable, for future development, to generalize the utility function, using, for instance, recursive modeling (as Strzalecki, 2013) .
Notes
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